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Talk Outline 

 

The Beginnings:  Single Population, Single Compartment 

 

Mobility: Diffusion-Proliferation Modeling and “Patch” size 

 

Populations in Advection-driven Environments: flow rate vs. 

reproduction rate 

 

Persistence in River Networks 

 

Competition between Two Species: Single Compartment and 

Competitive Exclusion  

 

Two Species Competition in an Advection-driven Environment 



Beginning Demographics 

Thomas Robert Malthus: An Essay on the Principle 

of Population as it Affects the future Improvement 

of Society (1798-anonymously; 1803-signed) 

population increases in geometric ratio, food only  

in arithmetic ratio.  

Necessary for population to be limited by ‘checks’ of vice and misery….created 

controversy. 

 

 

 

     

             Observations Concerning the 

                      Increase of Mankind (1751, 

                      Circulated 1755)   Unrestrained population growth could 

       double itself every 25 years or so 

 

P.F. Verhulst, Mem. Acad. Roy. Bruxelles (1844) 

Rate of population growth is proportional to product of existing 

population and the difference between the total available resources 

and resources used by the present 

population  
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K = Carrying Capacity 



Verhulst (logistic):  

 

 

 

 

 

 

 

 

 

    (from Turchin, Historical Dynamics) 

     

Allee effect: maximum intrinsic growth at an intermediate density. 

Associated with overall individual fitness. 

 

 

 

 

Strong Allee effect: bistable case    Weak Allee effect 
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John Graunt: Natural and Political 

Observations Made Upon the Bills 

of Mortality (1662) 

“…that London…is perhaps to a 

Head too big for the Body and poss- 

ably to strong; that this head grows 

three times as fast as the Body to 

which it belongs…” 

 

The number of burials in London 

generally exceeded the number of 

baptisms throughout the 18
th

 Cen- 

tury. For each thousand burials there was the following number of 

baptismal in successive twenty-year periods: 1680-1700, 681; 1700-

1720, 721; 1720-1740, 649; 1740-1760, 638; 1761-1765 (4 years) 644. 

 

(Source: Montroll and Badger, Intro to Quantitative Aspects of Social Phenomena) 

 

 

So we need to next consider population mobility… 

 

 



Mobility through Diffusion 

Case 1: Malthusian (linear): 
2
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 so population goes extinct (or grows 

unboundedly) if 01 <− Dr λ  (resp. 01 >− Dr λ ).  

For fixed r, D, a monotonicity theorem ( )()
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implies there is a critical size of patch such that Drcr /)(1 =Ωλ . For 

crΩ⊃Ω , Dr /)(1 <Ωλ . 

 

 

Case 2: Verhulst (logistic):  Ω−+∆= inKNNNDNt )/1(ρ  

Consider 1D case, nondimensionalize: 

DLrLtDtLxxKNu /,/
~
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Fisher’s Equation: 

(Fisher, 1937; KPP, 1937)  

 

For spread of a favorable gene in a 1D habitat 

)1( uruuu xxt −+=
 



Diversion: 

Diffusion: Traveling wave (front) solutions 

 

Case 2 continued (Logistic):  )1( uruuu xxt −+=  
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node-saddle heteroclinic orbit  (TWS) 

r20 << θ  focus-saddle heteroclinic orbit     
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Again let  txzzUtxu ⋅+== θ),(),( ; 

There exists a unique saddle-saddle heteroclinic solution from 
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Single Population-Single Stream 

(1) )(NfQNDNN xxxt +−=  ,  0,0 ><< tLx  

Upstream terminus: 

(2) 0),0(),0( =+− tQNtDN x     (individuals cannot leave the domain) 

Downstream terminus: 

(3a) 0),( =tLN    “hostile” b.c.   

(3b) 0),( =tLN x   advection-only outflow : Danckwert b.c.  

     

 

Case 1: Linear (Malthusian) problem: (1),(2),(3b),   rNNf =)(  
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Population goes extinct or population grows unboundedly. Boundary 

when lowest eigenvalue 01 =λ . Critical length is  
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Single Population-Nonlinear Proliferation 

Case 2: Logistic growth case: )/1()( KNrNNf −=  

Nondimensionalize again:  

(4) )1( uruquuu xxxt −+−=     0,0 ><< tLxin  

(5) ),0(),0( tqutux = ,  0),( =tLux  

 

Steady State Solutions:  
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Remark: (6) is same equation as TWS equation for Fisher’s equation 

 

Lemma 1: There are no non-trivial solutions to (6), (7) for 
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Single Population-Single Stream continued: 

 

Theorem 1 (Vasilyeva, Lutscher, 2010): 

For rq 20 << , crLL > , there is a unique positive solution, )(* xu  

to (4), (5), and )(* xu is stable. 

 

 

 

 

 

 

 

Case 3: Bistable growth : ))(/1()( ANKNrNNf −−= ; nondim’l form 

(8) ))(1( α−−+−= uuruquuu xxxt     0,0 ><< tLxin  

(9) ),0(),0( tqutux = ,  0),( =tLux  

If  )1(: α−=≥ rqq bd  , then the population will be washed out (non-

persistence). 

 

Theorem 2: For bdqq <<0  there exist 0>L  for which (8), (9) has a 

positive, increasing steady state solution  )(* xu , and )(* xu  is stable. 

 



Weakly-Mixed River (Speirs & Gurney, 2001) 

Uniform channel, depth d, z variable, downward from surface ( dz <<0 ) 

])/(1[)( 2dzqzqq s −==  = horizontal flow velocity, =sq surface velocity 

� In many streams, rivers estuaries, rates of hydrodynamic mixing is 

orders of magnitude lower in the vertical vs. horizontal direction 

� If xDD =   is horizontal component of diffusivity, zD is vertical 

component, 0=zD  (the limiting no vertical dispersal) implies 

members of a lineage will live out their lives at one depth. This 

gives rise to a sequence of decoupled advection-diffusion 

equations of the type discussed earlier.  

� If persistence requires rDq 2< then lower discharge rates may 

allow persistence near the bottom when sq  is above critical. 

 

Speirs & Gurney, 2001 applied persistence conditions to plankton and 

insects in small streams in SE England. 

� Absence of planktonic organisms in Broadstone Stream: relatively 

short, 

Shallow: organisms would have to exist throughout water column 

Significant advection: average advection exceeds critical value for 

realistic growth rate and diffusivity, hence expect washout. 

� Stoneflies do exist. Nymphs are benthic (i.e. bottom dwellers) 

They experience effective advection speed that is reduced by 4 

orders of magnitude, implying advection below the critical value 



Persistence on a River Network 
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Continuity at vertex ν : 0,210 ≥== tuuu  

 

Conservation at vertex  ν :  ),(),(),( 210 ttt νϕνϕνϕ +=  

 

Upstream boundary vertex condition:  Ω∂∈= γγϕ ,0),( t   

 

Hostile river ending at downstream vertex  dγ :  0),( =tu dγ  
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{ } { }mindexV γγγνν ,...,,1)(| 21==∈=Ω∂

 

{ }2)(|\ >∈=Ω∂= νν indexVVVr  

=Ω metric graph if it is a directed graph 

such that every edge Ee j ∈ is identified 

with an interval of the real line with 

positive length jl .  

=Ω tree graph if there are no cycles. 



Case 1: ruuf =)(  

(12)   Let  0)( 210 ≥−− AAA   at each  Ω∂∈ \Vν  

 

Theorem (Sarhad, Carlson, Anderson, 2012):  If   ||
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Steady state problem on the star graph: 
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and at  ν : 
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Then,  

Theorem: For 
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Steady State Solution on Star Graph with Logistic Proliferation 
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If we assume 210 AAA +=  then 
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If  21 AA =  then  )()()0(2 22110 lwlww +=  

If we also assume 21 ll = , then )()()0( 12110 lwlww == , and there exists a 

unique positive solution to the problem.   

 



Competition between Two Species: Single Compartment 
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Summary:   1. If  2112 1 arandra << , then species u wins 

      2. If  2112 1 arandra >> , then species v wins 

      3. If  2112 1 arandra >< , both species coexist 

      4. If  2112 1 arandra <> , we have bistable situation 

 

  

  



Competition in Advection-Driven Environments 
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(2) 0),(),(),,0(),0(0),0(),0( ==+−==+− tLvtLutqvtvtqutu xxxx  

 

 

 



Spatial Implicit Approximation 

(Vasilyeva, Lutscher, 2012; van Kirk, Lewis, 1997; Strohm, Tyson, 2011) 

In the absence of population growth the advection-diffusion operator, 

along with Danckwert b.c.s, leads to a net loss of individuals from the 

domain. Thus, Vasilyeva and Lutscher replaced the advection-diffusion 

operator with a 1
st
-order decay term that induces the same loss rate as 

the spatial movement operator.  

The principle/dominant eigenvalue 1λ is negative inverse of the resident 

time of individuals in domain ],0[ L . So spatial movement is replaced by 

))(,)(( 11 vquq λλ  that should implicitly capture loss due to spatial 

movement at the same rate. Hence 
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From phase plane analysis (here 6.1,5.0 2112 == aa , i.e. case 12112 <aa ) 

 

 

 

 

 

 

 

 



Going Forward… 

 

� Investigate competition between species with different diffusivities 

in an advection-driven environment 

 

� Investigate competition in the presence of predation in an 

advection-driven environment 

 

� Generalize motility beyond simple diffusion 

 

 

� Expand invasion analysis to networks  

 

� Compare results with different boundary conditions 

 

� Investigate more aspects of partial-vertical mixing 

 

� Include more aspects of variable flow speed downstream (period 

q(t) for tidal effects, e.g.) 

 

� Bring more fluid dynamics modeling into the stream model 

 

Questions driven by more biological observations 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Competitive exclusion principle: two 

species in competition stabilized by 

introduction of a common predator. 

Harvesting the predator destabilizes the 

trophic level. How would the picture 

change in an advection-driven 

environment? 

 

 

 

 



Thanks for Listening 
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